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Introduction

T HERE has long been an interest in Kalman � ltering1,2 to com-
bine optimally star tracker and gyro data for spacecraft atti-

tude estimation.3,4 In particular, Farrenkopf’s analytic solution for
the steady-state accuracy of a single-axis Kalman � lter combining
data from a gyro and an angle sensor has proven very useful for
preliminary analysis of spacecraft attitude determination systems.5

Farrenkopf implicitly assumed a rate gyro model, however, and
many spacecraft employ rate-integratinggyros (RIGs) that exhibit
angle output white noise (also known as readout noise or electronic
noise).6 The aim of this Note is to modify Farrenkopf’s results5 to
include the effects of gyro angle output noise.

We assume that we take gyro measurements at a time interval
s and star sensor measurements at a multiple T =n s of this, with
each star tracker measurement immediately following a gyro mea-
surement.Consider a star tracker measurementupdate at some time
arbitrarily labeled zero, after attainment of steady state. Let x̂0( ¨ )
and P0( ¨ ) denote the state estimate and its covariance immedi-
ately before and this star tracker update, respectively. Similarly,
let x̂k (+) and Pk(+) for k = 1, 2, . . . , n denote the state estimate
and covariance at time k s incorporating the information from the
gyro measurement at that time. The steady-state condition is that
the covariance after processing all these measurements, Pn(+), be
identical with the covariance P0( ¡ ) before the star tracker up-
date but after the gyro measurement update immediately preced-
ing it.

Spacecraft and Gyro Dynamics
The single-axis spacecraft kinematics are given by

Çh = x (1)

where h is the rotation angle and x is the true angular velocity.
Because of its own internal dynamics, the RIG does not measure h
exactly, but instead accumulates an angle u by

Çu = x + b + nv (2)
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where b is the gyro drift rate and nv is a zero mean Gaussian white
noise process. Thus, we are led to consider the three-component
state vector

x = [h , b, u ]T (3)

which obeys the dynamic equation

Çx =

0 0 0

0 0 0

0 1 0

x + x

1

0

1

+
0

nu

nv

(4)

The gyro noiseprocessesnu and nv are assumedto be independent
with zero mean and with autocorrelationfunctions

E{nu (t )nu (t 0 )} = r 2
u d (t ¡ t 0 ) (5a)

E{nv (t )nv (t 0 )} = r 2
v d (t ¡ t 0 ) (5b)

where E{¢ }denotes the expectationvalue and d (¢ ) is the Dirac delta
function.The � nite time propagationof the state from time (k ¡ 1) s
to k s is given by

xk =

1 0 0

0 1 0

0 s 1

xk ¡ 1 + uk

1

0

1

+
0

a k

b k

(6)

where

uk ´
k s

(k ¡ 1) s

x (t ) dt (7a)

a k ´
k s

(k ¡ 1) s

nu (t ) dt (7b)

b k ´
k s

(k ¡ 1) s

nv (t ) dt +
k s

(k ¡ 1) s

(k s ¡ t) nu (t) dt (7c)

We want to use the RIG measurements rather than a dynamic
model for angular velocity information. The measurement at time
k s is given by

˜u k = [0, 0, 1]xk + vk (8)

where vk is the zero mean gyro angle output white noise, which is
assumed to obey

E{vk vl} = r 2
e d kl (9)

with d kl theKroneckerdelta.Substitutingxk fromEq. (6) into Eq. (8)
and rearranging terms give

uk = ¡ [0, s , 1]xk ¡ 1 + ˜u k ¡ b k ¡ vk (10)

Substituting this expression for uk on the right side of Eq. (6)
effectively replaces the unknown spacecraft rotational dynamics by
the RIG measurement in the system dynamics, giving

xk = U ( s )xk ¡ 1 + ˜u k[1, 0, 1]T + wk (11)
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where

U ( s ) ´
1 ¡ s ¡ 1

0 1 0

0 0 0

(12)

wk ´ [ ¡ b k ¡ vk , a k , ¡ vk]T (13)

Equation (11), which includes both the time propagation and
the gyro measurement update, no longer depends explicitly on the
unknownspacecraftrotationaldynamics.The correspondingcovari-
ance propagation equation is

Pk (+ ) = U ( s )Pk ¡ 1(+) U T ( s ) + Q( s ) (14)

where

Q( s ) ´ E wkwT
k =

s r 2
v + 1

3
s 3 r 2

u + r 2
e ¡ 1

2
s 2 r 2

u r 2
e

¡ 1
2
s 2 r 2

u s r 2
u 0

r 2
e 0 r 2

e

(15)

It is easy to show by induction on Eq. (14) that

Pk(+ ) = U (k s ) P0(+ ) U T (k s ) + Q(k s ) (16)

for k = 1, 2, . . . , n, where Q(k s ) denotes the matrix in Eq. (15) with
s replacedby k s . Note that the covariancedependsonly on the total
elapsed time and not on the gyro update interval s .

Star Tracker Measurement
and Steady-State Covariance

The covarianceupdate due to the star tracker measurementof the
angle h at time zero is

P0(+) = P0( ¡ ) ¡ P0( ¡ )H T
st Hst P0( ¡ )H T

st + r 2
n

¡ 1
Hst P0( ¡ ) (17)

where

Hst = [ 1, 0, 0] (18)

and r 2
n is the variance of the star tracker white noise. We � nd the

steady-state angle and drift rate covariances by inserting Eq. (17)
into Eq. (16) for k =n and by using the steady-state condition that
Pn (+ ) = P0( ¡ ). It is convenient to de� ne the dimensionlessparam-
eters Se , Su , Sv , and f by

Se ´ r e / r n (19a)

Su ´ T
3
2 r u r n (19b)

Sv ´ T
1
2 r v r n (19c)

Ph b( ¡ ) = ¡ T
1
2 r u r n f (20)

In Eq. (20) and in the following, we label components of P0(§)
by variable names rather than numerically and suppress the time
index 0 for convenience.With these de� nitions, we � nd that

Ph h ( ¡ ) = ( f 2 ¡ 1) r 2
n (21a)

Ph h (+) = (1 ¡ f ¡ 2) r 2
n (21b)

Pbb( ¨ ) = f ¡ 1 + S2
e f ¡ 1 T ¡ 1

2 r u r n § 1
2
T r 2

u (22)

where f is a solution of the quartic equation

f 2 ¡ 2 c + 1
4
Su f + 1 + S2

e f 2 + 2 c ¡ 1
4
Su f + 1 + S2

e = 0
(23)

with

c ´ 1 + S2
e + 1

4
S2

v + 1
48

S2
u

1
2 ¸ 1 (24)

The only root of Eq. (23) giving a positive-de�nite covariance is
the largest root,

f = c + 1
4
Su + 1

2 2c Su + S2
v + 1

3
S2

u

1
2 (25)

This can be used to rewrite Eq. (22) in the more convenient form

Pbb( ¨ ) = 2 c T
1
2 r u r n + r 2

v + 1
3
T 2 r 2

u

1
2 r u § 1

2
T r 2

u (26)

The principal results of this Note are given by Eqs. (21) and (24–

26), which differ from Farrenkopf’s5 only by details of notationand
the S2

e term in Eq. (24). For r e = 0, these equations are completely
equivalent to Farrenkopf’s.

Numerical Example
Consider a RIG with r v = 0.025 deg/

p
h =7.27 l rad/

p
s, r u =

3.7 £ 10 ¡ 3 deg/h3/2 = 3 £ 10 ¡ 4 l rad/s3/ 2, and r e = 15 l rad. These
numbers are characteristic of a ring-laser gyro with very low drift
but with signi� cant angle white noise. Assume that the star tracker
measurementnoise is r n =15 l rad. Figure 1 shows the steady-state
pre-update and post-update angle standard deviations, the square
rootsof Ph h ( ¨ ), for star trackerupdatetimesbetween0.01 and100 s.
The solid curves are for the speci� ed value of r e , and the dashed
curves are for r e =0. For each pair of curves, the upper curve is
the pre-update value, and the lower curve is the post-update value.
The limits of the pre-update and post-update angle standard devia-
tions as the update time goes to zero are r e and r e r n /

p
( r 2

e + r 2
n ),

respectively. It is clear from Fig. 1 and from the analytic form
for the limit that increasing the frequency of star tracker updates
has less effect on the angle estimation accuracy when gyro out-
put white noise is present than it has in the absence of this error
source.

The steady-statedrift bias standard deviations are not plotted be-
causeboth thepre-updateand post-updatevaluesalways lie between
0.0467 and 0.0468 l rad/s. To this accuracy, the lower value is equal
to

p
( r u r v ), the limit of Eq. (26) for small r u .

State Update Equations
The transformation of the state estimates over one time step are

found by taking the expectation values of Eq. (11), noting that w k

has zero mean. The results in component form are

ˆh k(+) = ˆh k ¡ 1(+ ) + ˜u k ¡ ˆu k ¡ 1(+) ¡ s b̂k ¡ 1(+) (27a)

b̂k(+) = b̂k ¡ 1(+) (27b)

ˆu k (+) = ˜u k (27c)

Fig. 1 Steady-state preupdate and postupdate angle standard devia-
tions, solid curves for ¾e = 15 µ rad, dashed curves for ¾e = 0.
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Equations (27b) and (27c) show that the estimate of the bias
is not re� ned by the gyro measurement, as expected, and that the
estimate of the gyro-sensedangle is equal to the gyro measurement
itself. Equation (27a) has a straightforward interpretation for k ¸ 2.
Because ˆu k ¡ 1(+) = ˜u k ¡ 1 in this case, the estimate of the spacecraft
rotation angle is the preceding estimate plus the rotation sensed by
the gyro, corrected for the estimated drift bias.

The steady-state gains for the star tracker update are given by

Kst = P0(+)H T
st r ¡ 2

n = ( f r n) ¡ 2[Ph h ( ¡ ), Ph b( ¡ ), Ph u ( ¡ )]T (28)

The components of the state vector are updated by

ˆh 0(+) = ˆh 0( ¡ ) + (1 ¡ f ¡ 2)[ ˜h 0 ¡ ˆh 0( ¡ )] (29a)

b̂0(+) = b̂0( ¡ ) ¡ ( f T ) ¡ 1 Su[ ˜h 0 ¡ ˆh 0( ¡ )] (29b)

ˆu 0(+) = ˆu 0( ¡ ) + (Se / f )2[ ˜h 0 ¡ ˆh 0( ¡ )] (29c)

where ˜h 0 is the observedvalue. It is convenient to de� ne a modi� ed
angle estimate ¯h by

¯h k(+) ´ ˆh k (+) + ˜u k ¡ ˆu k (+) (30)

for k = 0, 1, 2, . . . , n, where ˜u 0 is understood to denote the gyro
measurement immediately preceding the star tracker measurement
at time zero. Equation (27c) shows that ¯h is the optimal angle es-
timate following a gyro update, but Eq. (29c) shows that it differs
from the optimal estimate after a star tracker update.Because ˆh 0( ¡ )
is the angle estimate following the gyro update immediatelypreced-
ing the star tracker measurement, it is consistent with our conven-
tions to denote this quantity by ¯h 0( ¡ ). With this notation, the gyro
propagation of the attitude can be written as

¯h k (+) = ¯h k ¡ 1(+) + ˜u k ¡ ˜u k ¡ 1 ¡ s b̂k ¡ 1(+) (31)

and the star tracker update of the angle estimate can be performed
as a two-step process

¯h 0(+) = ¯h 0( ¡ ) + f ¡ 1 2 c Su + S2
v + 1

3
S2

u

1
2 [ ˜h 0 ¡ ¯h 0( ¡ )] (32a)

followed by

ˆh 0(+) = r 2
n + r 2

e

¡ 1
r 2

n
¯h 0(+) + r 2

e
˜h 0 (32b)

With this restructuring of the update equations, the need to es-
timate ˆu vanishes, resulting in an effective two-component model
for the rotation angle and gyro drift bias. The update of Eq. (32a)
is propagated into future estimates of the angle and the drift bias,
but the update of Eq. (32b) is only effective at the time of the star
tracker measurement. The appearance of Eq. (32b) as the optimal
combination of independent quantities ¯h 0(+ ) and ˜h 0 with standard
deviations r e and r n is very misleading because these quantities are
correlated by Eq. (32a).

Conclusions
Analytic expressions for the steady-state accuracy of a single-

axis Kalman � lter combining data from a gyro and an angle sensor
have proven very useful in tailoring attitude sensor speci� cations to
mission requirements. This Note provides a very simple modi� ca-
tion to Farrenkopf’s5 analytic expressions to include the effects of
angle white noise on the output of an RIG. The resulting equations
depend on the star tracker update interval, but are independent of
the gyro update interval. The three-componentmodel developed in
this Note leads to an effective two-component � lter for the attitude
angle and gyro drift bias that is identical with Farrenkopf’s model
if gyro angle output noise is absent. In the presence of gyro angle
output white noise, the update of the angle estimate resulting from
a star tracker measurement can be broken into two parts. The � rst
part, which vanishes when the gyro drift parameters are zero, is
propagated forward into future angle estimates. The second part of
the update, which is independent of the gyro drift parameters and
vanishes if the gyro readout white noise is zero, is only effective at
the time of the star tracker measurement.
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Nomenclature
n = n £ n real diagonal matrix

dim(M) = dimension of M
E(¢ ) = expectation

k G(z) k 2 =
1

2p

2p

0

tr[G(e j h )]¤ G(e j h )) dh

1/ 2

M2 > M1 = M2 ¡ M1 positive de� nite
M2 ¸ M1 = M2 ¡ M1 nonnegativede� nite

n = n £ n nonnegativede� nite matrix
, + = real numbers, nonnegative integers
m £ n = m £ n real matrices

Vec(¢ ) = standard column stacking operator
zi, j = (i, j ) element of matrix Z

I. Introduction

F AULT detection of dynamic systems has been an active re-
search area in recent years.1 ¡ 5 Fault detection can be achieved

by using either physical redundancy or analytical redundancy, for
example, estimator-based fault detection methods. The key step in
estimator-basedfault detectionmethods is to generate residuals that
are accentuated by faults. These residuals are then compared with
some threshold values to determine whether faults have occurred.
Logically, the existenceof uncertaintiesand disturbanceinputs, that
is, plant disturbances and measurement noise, obscures the effect
of faults and is, therefore, a source of false alarms. To reduce false
alarm rates and improve fault detection accuracy, the residuals gen-
eratedshould be robust againstuncertaintiesand disturbanceinputs.
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